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Abstract 

We show how the crucial gauge cancellations leading to a physical definition of the neutrino 
charge radius persist in the presence of non- vanishing fermion masses. An explicit onedoop calcu- 
lation demonstrates that, as happens in the massless case, the pinch technique rearrangement of 
the Feynman amplitudes, together with the judicious exploitation of the fundamental current re- 
lation Ja^ = 2( Jz + sin 9^ J 7 ) Q , leads to a completely gauge independent definition of the effective 
neutrino charge radius. Using the formalism of the Nielsen identities it is further proved that the 
same cancellation mechanism operates unaltered to all orders in perturbation theory. 
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I. INTRODUCTION 



It is well-known that, even though within the Standard Model (SM) the photon (A) does 
not interact with the neutrino (u) at tree-level, an effective photon-neutrino vertex T^ uj? is 
generated through one-loop radiative corrections, giving rise to a non-zero neutrino charge 
radius (NCR) Traditionally (and, of course, rather heuristically) the NCR has been 
interpreted as a measure of the "size" of the neutrino v when probed electromagnetically, 
owing to its classical definition 2] (in the static limit) as the second moment of the spatial 
neutrino charge density p u (r), i-e. {r 2 ) = jdr r 2 p v (r). However, the direct calculation of 
this quantity has been faced with serious complications i3] which, in turn, can be traced back 
to the fact that in non-Abelian gauge theories off-shell Green's functions depend in general 
explicitly on the gauge-fixing parameter. In the popular renormalizable (R^) gauges, for 
example, the electromagnetic form-factor F\ depends explicitly on gauge-fixing parameter £ 
in a prohibiting way. Specifically, even though in the static limit of zero momentum transfer, 
q 2 — > 0, the form-factor F(q 2 ,£) becomes independent of £, its first derivative with respect 
to q 2 , which corresponds to the definition of the NCR, namely (r 2 ) = — 6 (dF/dq 2 ) q 2 =0 , 
continues to depend on it. Similar (and some times worse) problems occur in the context of 
other gauges (e.g. the unitary gauge). 

One way out of this difficulty is to identify a modified vertex-like amplitude, which could 
lead to a consistent definition of the electromagnetic form factor and the corresponding 
NCR. The basic idea is to exploit the fact that the full one-loop ^-matrix element describ- 
ing the interaction between a neutrino with a charged particle is gauge- independent, and 
try to rearrange the Feynman graphs contributing to this scattering amplitude in such a 
way as to find a vertex-like combination that would satisfy all desirable properties. What 
became gradually clear over the years was that, for reaching a physical definition for the 
NCR, in addition to gauge-independence, a plethora of important physical constraints need 
be satisfied. For example, one should not enforce gauge-independence at the expense of 
introducing target-dependence. Therefore, a definite guiding-principle is needed, allowing 
for the systematic construction of physical sub-amplitudes with definite kinematic structure 
(i.e., self-energies, vertices, boxes). 

The field-theoretical methodology allowing this meaningful rearrangement of the pertur- 
bative expansion is that of the pinch technique (PT) jj]. The PT is a diagrammatic method 
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which exploits the underlying symmetries encoded in a physical amplitude, such as an S- 
matrix element, in order to construct effective Green's functions with special properties. 
In the context of the NCR, the basic observation 5] is that the gauge- dependent parts of 
the conventional A*vv, to which one would naively associate the (gauge-dependent) NCR, 
communicate and eventually cancel algebraically against analogous contributions concealed 
inside the Z*vv vertex, the self-energy graphs, and the box-diagrams (if there are boxes 
in the process), before any integration over the virtual momenta is carried out. For exam- 
ple, due to rearrangements produced through the systematic triggering of elementary Ward 
identities, the gauge-dependent contributions coming from boxes are not box-like, but self- 
energy-like or vertex-like; it is only those latter contributions that need be included in the 
definition of the new, effective A*vv vertex. 



The new one-loop proper three-point function satisfies the following properties 
(i) is independent of the gauge-fixing parameter (£); (ii) is ultra-violet finite; (Hi) satisfies 
a QED-like Ward-identity; (iv) captures all that is coupled to a genuine (l/q 2 ) photon 
propagator, before integrating over the virtual momenta; (v) couples electromagnetically 
to the target; (vi) does not depend on the SU(2) x U(l) quantum numbers of the target- 
particles used; (vii) has a non-trivial dependence on the mass rrii of the charged iso-spin 
partner /j of the neutrino in question; (viii) contains only physical thresholds; (ix) satisfies 
unitarity and analyticity; (x) can be extracted from experiments. 

Notice in particular that the properties from (iv) to (vi) ensure that the quantity constructed 
is a genuine photon vertex, uniquely defined in the sense that it is independent of using either 
weak iso-scalar sources (coupled to the 5-field) or weak iso- vector sources (coupled to W°), or 
any other charged combination. As for property (x), the NCR defined through this procedure 
may be extracted from experiment, at least in principle, by expressing a set of experimental 
electron-neutrino cross-sections in terms of the finite NCR and two additional gauge- and 
renormalization-group-invariant quantities, corresponding to the electroweak effective charge 
and mixing angle (H Q| ■ 

Given the progress achieved with the above properties for the NCR, it is important to 
address some of the remaining open theoretical issues. To begin with, in the construction 
presented in 5j it has been tacitly assumed that the mass of the iso-doublet partner of the 
neutrino under consideration vanishes (except when needed for controlling infra-red diver- 
gences) . That should be a acceptable approximation, given the fact that the fermion masses 
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are naturally suppressed numerically, relative to the relevant physical scale, i.e., the mass 
of the jy-boson, provided that the neglected pieces form themselves a gauge-independent 

rn 

sub-set. As has been pointed out |9(, when computing the conventional vertex (that is, 
before applying any PT rearrangements) in the gauges and keeping the fermion masses 
non-zero, a gauge-dependent term survives, which, in fact, diverges at £ = 0. It is therefore 
an indispensable exercise to verify that the PT procedure in the presence of masses indeed 
identifies precisely the contributions which will cancell such pathological terms, exactly as 
happens in the massless case, without any additional assumptions. In this article we will 
undertake this task and demonstrate through an explicit calculation how the (vertex-like) 
gauge-dependent contribution proportional to the fermion masses cancel partially against 
similar gauge-dependent contributions stemming from graphs containing would-be Gold- 
stone bosons, and partially against vertex-like contributions concealed inside box-graphs, 
exactly as dictated by the well-defined PT procedure. 

In addition, the constructions related to the NCR have thus far been solely restricted 
to the one-loop level. Clearly, it is important to demonstrate that the crucial cancella- 
tions and non-trivial rearrangements operating at one-loop persist and can be generalized 
to all orders. In this article we demonstrate that the pertinent gauge-cancellations take 
place through precisely the same mechanism as at one-loop, by resorting to the powerful 
formalism of the Nielsen identities (NIs) [10]. These identities control in a concise, com- 
pletely algebraic way, the gauge-dependences of individual Green's functions (such as the 
off-shell photon- neutrino vertex Y\ vV in question), and allow for an all-order demonstration 
of gauge-cancellations between various Green's functions, when the latter are combined to 
form ostensibly gauge-invariant quantities, such as S-matrix elements. In the present paper, 
using the corresponding NIs, we will show that the gauge- dependence of the vertex Ta v „ 
has precisely the form needed for cancelling against analogous gauge- dependent vertex-like 
contributions from the boxes, employing nothing more than the fundamental current relation 
(see, for example, the sixth reference in j^]) 



with s w = sin^w, and Ja the third iso-triplet current of SU(2)l- 

The paper is organized as follows: In Section |H] we present an explicit one-loop proof 
of the relevant gauge cancellations in the presence of non-vanishing fermion masses. The 
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upshot of this construction is to demonstrate that the fermion masses do not distort in the 
least the crucial s-t channel cancellations characteristic of the PT, and that, at the end of 
the cancellation procedure, a completely gauge-independent NCR emerges. In Section lllll 
we present a general all-order proof of the same gauge-cancellations, by means of the NIs. 
Finally, in Section HVI we present our conclusions. 

II. GAUGE CANCELLATIONS IN THE PRESENCE OF FERMION MASSES 

In this section we go over the fundamental cancellation mechanism, and outline its basic 
ingredients. In particular, we emphasize the topological modifications induced on Feynman 
diagrams due to the presence of longitudinal momenta, the role of the current operator 
identity in implementing the gauge cancellations, and explain qualitatively the modifications 
induced when the fermion masses are turned on. Then, we carry out an explicit one-loop 
calculation in the presence of non-vanishing fermion masses, and demonstrate the precise 
cancellations of massive gauge-dependent terms. In doing so we will show that no additional 
theoretical input or assumptions are needed, whatsoever. 

A. General considerations 

The topological modifications, which allow the communication between kinematically 
distinct graphs (enforcing eventually the cancellation of the gauge dependent pieces), are 
produced when elementary Ward identities are triggered by the virtual longitudinal momenta 
(k) inside Feynman diagrams, furnishing inverse propagators [4]. The longitudinal momenta 
appearing in the S'-matrix element of fv —>■ fv originate from the tree-level gauge-boson 
propagators and tri-linear gauge-boson vertices appearing inside loops. In particular, in the 
.R^-scheme the gauge-boson propagators have the general form 



where % = W,V with V = Z,A and M\ = 0; k denotes the virtual four-momentum cir- 
culating in the loop. Clearly, in the case of Af v (k) the longitudinal momenta are those 





with 



Di(k) 



(k 2 - Mf) 



(2.2) 
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proportional to (1 — The longitudinal terms arising from the tri-linear vertex may be 
identified by splitting its Lorentz structure T afJiU (q, —k, k — q) appearing inside the one-loop 
diagrams (where q denotes the physical four-momentum entering into the vertex, see Sec- 
tion i 11 ^ t wo parts jll|: 



\^(q,-k,k - q) = (k + q) v g aii + (q - 2k) a g^ u (k - 2q) tl g c 

= r F +r p 



(2.3) 



where 



(q - 2k) a g^ p + 2q v g olil - 2q il g c 
(k-q) 



(2.4) 



The first term in V\ is a convective vertex describing the coupling of a vector boson to 
a scalar field, whereas the other two terms originate from spin or magnetic moment. The 
above decomposition assigns a special role to the g-leg, and allows r F to satisfy the Ward 
identity 

q a ^u = (* - ?) V - *V , (2-5) 

The relevant Ward identities triggered by the longitudinal momenta identified above, are 
then two. The first one reads 



$P L = $+j)P L -P a j 

= Sj^+ 1 fi)P I .-P R Sf[ 3 f)+mf,P I .-m f P Rl 



(2.6) 



where P 



R(L) 



-)75]/2 is the chirality projection operator and iSf is the tree-level 



propagator of the fermion /; /' is the iso-doublet partner of the external fermion /. (Alter- 
natively, one may adopt the formulation of the PT in terms of equal-time commutators of 
currents [3]). The second Ward identity reads 



{k q) T aiMU (q, k, k q) — k g aix k a k i 



q g an - q a q^ 



(2.7) 



together with the Bose-symmetric one, when contracting with fc M instead of (k — q) u . 

The appearance of inverse propagators leads (through the pinching out of the correspond- 
ing internal propagators) to ^-dependent contributions which are topologically distinct from 
those of their parent Feynman graph. Because of that, all ^-dependent parts violate one 
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FIG. 1: The general topology of the relevant gauge-dependent contributions in the presence of 
non- vanishing fermion masses. The contributions (b) and (e) are proportional to mj. If the 
target-fermions are (massless) right-handed fermions, the entire first column of the right-hand side 
vanishes. 

or more of the properties (i)—(x) listed in the Introduction. In particular, if m« = the 
gauge-dependent parts are purely propagator-like, i.e., they violate (vi), whereas if m ; ^ 
they are either propagator-like (hence violating (vi)), or they are multiplied by a factor q 2 , 
i.e., they effectively violate (i). 

Before entering into the explicit proof, it is instructive to briefly sketch how the cancel- 
lation of the gauge- dependent terms proceeds: 

• The ^-dependent propagator-like (universal, or equivalently flavor-independent) parts 
[shown in (c) and (f )] cancel against corresponding ^-dependent contributions from the 
conventional self-energy graphs (not shown), for every neutrino flavor. The emerging 
gauge-independent effective self-energies form renormalization-group-invariant quan- 
tities (electroweak effective charges) exactly as in QED. 

• The vertex-like (flavor-dependent) parts [shown in (b) and (e)] are proportional to 
mf, they stem from the mass-terms appearing on the right-hand side of Eq. ()2.rij) . The 
particular topology of the graph (e) (i.e., contact-type interaction) arises because the 
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^-dependent part coming from the A*vv vertex are proportional to q 2 , whereas those 
from the Z*vv vertex are proportional to (q 2 — Mf ) [this is essentially due to the Ward 
identity of Eq. (|2.7|) ]. On the other hand, graph (b) has this form due to Eq. (j2.6|) . The 
topological form of these graphs is crucial for the cancellation, because it allows parts 
of the three (originally distinct) graphs to "talk" to each other. The next step is to 
recognize that, the current structures of the contact-like interactions are such that the 
total sum of the two pieces is zero, i.e., 

(b) + $>) = 0. (2.8) 

v 

This final cancellation is not accidental, but a direct consequence of the current oper- 
ator identity of Eq. (jl.lj) . 

We emphasize that (see also property (vi) in the Introduction) the definition and value of 
NCR should be independent of the charged probe used. If one were to use as a probe massless 
right-handed electrons, e#, there would be no boxes containing P^-bosons involved in the 
gauge cancellations, (b) = 0; however in this case the current structures of diagrams (e) get 
modified in such a way that now XV( e ) = ( see P an d below for a detailed discussion). 



B. Review of the massless case 

The massless case has been studied in detail in For concreteness, we will focus on the 

same process considered there, namely the (one-loop) elastic scattering process e(l\)v{pi) — > 
e(£ 2 )i'ip2), with the Mandelstam variables defined as s = {t\ + Pi) 2 = (£2 + P2) 2 , t = q 2 = 
(Pi ~ P2) 2 = (4 - h) 2 , u = (£1 - p 2 ) 2 = ((2 - Pi) 2 , and s + t + u = 0. Notice that v will 
be chosen to belong in a different iso-doublet than the target-electron (the muon neutrino 
Up, for example), so that the crossed (charged) channel vanishes. According to the general 
PT algorithm, the one-loop amplitude for the above process may be reorganized into sub- 
amplitudes which have the same kinematic properties as self-energies, vertices, and boxes, 
and are at the same time completely independent of the gauge-fixing parameter. One of 
these sub-amplitudes will be identified with the one-loop effective photon-neutrino vertex. 

What has been assumed in f| Q when constructing the aforementioned vertex is that 
the masses of the fermions may be neglected when carrying out the various cancellations; 
in particular, one employs the Ward identity of Eq. (j2.6|) . with the masses set to zero. In 
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(a) (b) 

FIG. 2: The diagrams contributing to the PT neutrino charge radius. Here T F stands for the 
Feynman part of the tri-linear gauge-boson vertex, which is defined in Ea (|2.3|) , Notice that the 
logarithmic term in the NCR expression of Ea. (|2.1Uj) originates entirely from the Abelian-like 
diagram (b). 

such mentioned earlier, all contributions stemming from longitudinal momenta are 

effectively propagator-like; they are combined with the normal self-energy graphs giving rise 
to two renormalization group invariant quantities, corresponding to the electroweak effective 
charge and the running mixing angle 13| . 

After having removed all gauge-dependent propagator-like contributions, the remaining 
genuine one-loop vertex, to be denoted by TA ViVV is completely independent of the gauge- 
fixing parameter, and in addition satisfies a naive, QED-like Ward identity. As explained 
in detail in the literature, the final answer is given by the two graphs of Fig. 2, where the 
Feynman gauge is used for all internal gauge-boson propagators, and the usual tree-level 
three-boson vertex T afiv is replaced by . 

It is straightforward to evaluate the two aforementioned vertex graphs; their sum gives 
a ultra-violet finite result, from which one can extract the dimension- less electromagnetic 
form-factor F^(q 2 ). In particular, since F^(q 2 ) is proportional to g 2 , we may define the 
dimension-full form-factor F Ui (q 2 ) as 

tw, = FjV) [ie^(l - 7s)] = q 2 K(Q 2 ) t^U - Tte)] , (2-9) 

from which the NCR is defined in the usual way as ^(0) = |(?" 2 .). We emphasize that, 
when taking the limit q 2 — > 0, as dictated by the very definition of the NCR, F Ui (q 2 ) is 
infrared divergent, unless the mass m; of the charged iso-doublet partner of the neutrino is 
kept non-zero. In particular, when mi — > a logarithmically divergent contribution emerges 
from the Abelian-like diagram of Fig|2^b). Thus, a non-zero mass must be eventually kept in 
the calculation of the final answer even in the "massless" case; evidently, the term "massless" 



refers to the fact that the massless version of the Ward identity has been employed, and 
mass terms appearing in the numerators (but not the denominators) of the corresponding 
Feynman graphs have been discarded. 
The final answer is given by (^J 



« ) 



Gt. 



4V2- 



3 - 2 log 



m i 



(2.10) 



where = g^\/2/8M^ is the Fermi constant and g w = es w the SU(2) gauge coupling. 
The numerical values obtained for the corresponding NCR of the three neutrino families 
[6,Q] are consistent with various bounds that have appeared in the literature [l^ |. 



C. The massive case: explicit one-loop calculation 

After these introductory remarks, in the rest of this section we will show explicitly how 
the crucial cancellations, enforced by the PT through the tree-level Ward identities of the 
theory, continue to hold even when we relax the hypothesis of working with purely massless 
fermions. We will prove this in two different ways: first we will carry out an explicit one- 
loop calculation following simply the PT rules; second, we will re-do the analysis of gauge 
cancellations in their full generality, through the use of the so-called NIs, and show that the 
latter lead precisely to the same kind of rearrangements induced by the PT. 

We consider again the same reference process e{i\)v{pi) — > e(£ 2 )^(P2) as before, and carry 
out the PT-rearrangement of the corresponding one-loop amplitude, but this time we will 
maintain throughout the calculation non-vanishing masses for the iso-doublet partner of the 
neutrino. In particular, we are interested in analyzing the box/vertex gauge cancellation in 
the case where we do not neglect the masses of the fermions propagating inside the loop, 
as originally done in p. Notice that the PT rearrangement, in addition to the quantities 
relevant for defining the NCR, will also give rise to one-loop vertices involving the off-shell 
photon or Z-boson and the target-fermions. In order to simplify the picture we will assume 
the target fermions to be massless. This has no bearing whatsoever on the cancellations 
taking place in the loops containing the massive iso-doublet partner of the neutrino; in any 
case, the assumption of massless target fermions will be relaxed later on, when presenting 
the treatment based on the NIs. Therefore, in what follows we will only focus on the PT 
terms contributing to the gauge cancellation of the photon-neutrino vertex 1^ ^ and will 
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not display terms involved in other parts of the full PT rearrangement, as for example in 
the construction of the one-loop vertex involving the target fermions. In addition, from 
the terms involved in the construction of the photon-neutrino vertex we will display only 
those proportional to the mass of the iso-doublet partner, since these are the new terms not 
considered in p. 

Let us start by introducing the relevant tree-level photon and Z-boson vertices as 

rg„=wf. c 'v=\~ s : Q ': fn " V=A p- 11 ) 

where Qf is the electric charge of the fermion /, T/ represents the z component of the weak 



iso-spin [which is +(— )l/2 for up (down)-type leptons], and = a/1 — = M W /M Z - In 
addition we define the following integrals 

M 2 w )(k 2 - i w Ml)[{k - qf - Ml]}' 1 , 



h 


= {{k 2 




= W 


h 


= {(k 2 




= {{k 2 


h 


= {{k 2 


h 


= {(k 2 


h 


= {{k 2 


h 


= {(k 2 



M 2 w ){k 2 - i w M 2 w )Y\ (2.12) 
together with the characteristic PT structures 

J = u v {p 2 )P R [m^S^+tfx)] P L u v (pi), 

J« = u v (p 2 )P R [m l J3 li ^ + ^ 1 )]'y a P I .u v ( Pl ). (2.13) 

Turning to individual diagrams, we first consider the box diagram (a) of Fig|3J and isolate 
the PT vertex-like contributions; they will eventually cancel against the corresponding gauge 
dependent contributions of the vertices r^ w . Suppressing the factor &9^L J with 
d = 4 — e the space-time dimension, one has 

(a) = J e Wa [-\ w hJ? - \ W I 2 J% + X 2 w h(k - q) a J] (2.14) 

11 




FIG. 3: The diagrams contributing to the box/vertex PT cancellation for the case of massive 
propagating fermions. 

where X w = 1 — and the current Jyy a is defined according to 

J w a = -iy«e(^)T«^e(4), (2-15) 

and should not be confused with the usual W current connecting up- and down-type 
fermions. 

For the vertex graph (b) there are quite a few terms to take into account with respect to 
the massless case; one has, in fact 

(b) = -\ w hC v J c Va D v {q) {(q 2 - My) + My — [(k - q) 2 - M 2 W \ - M 2 W ] J« 

- X w I 2 C v J Va Dy(q) {(q 2 - My) + My — [{k - qf - - M 2 W ] J« 

- X w C v J Va D v (q) {h(k - q) a + I 2 k a + i\ w h[{q 2 - My) + M 2 }k a ] (k - q) a J, 

(2.16) 

where Dy(q) is as in Eq. (j2.2j) . Cy = s w (respectively, Cy = — c w ) when V = A (respectively 
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V = Z), and the current Jy a is defined according to 

J^ a =ig w u e {^) la C e v u e {^). (2.17) 

The twelve terms appearing in Eq. (|2.16[) will be referred to as (bi), (b 2 ) and so on (the 
same kind of numbering will be adopted for all the following expressions possessing more 
than one term). Next let us consider diagrams (c) and (d); the longitudinal components of 
the internal W can trigger elementary Ward-identities, and give rise to pinch contributions, 
(the vertex diagram (e) cannot possibly pinch). Thus, from (c) and (d) we find 

(c) = hC' v Jl a D v (q)J? - \ w l[C' v r Va D v {q)k a J, 

(d) = hC' v J^D v {q)J? - \ w l' 2 C' v J Va D v (q)(k - q) a J, (2.18) 

where C' v = s w (respectively, C' v = s^/c w ) when V = A (respectively, V — Z). The gauge 
dependent pieces above, combine then with some of the ones appearing in Eq. (j2.16J) . to give 
rise to the following gauge-independent combinations 

( Cl ) + (b 4 ) + (b 8 )= (c)|^ =1 , 
(d 1 ) + (b 2 ) + (b 6 )= (d)| 5w=1 , 

(e) + (c 2 ) + (d 2 ) + (b 9 ) + (b 10 ) + (bu) = (e)|^ =1 . (2.19) 

Finally, we have to consider the diagrams (f) through (m). For the abelian-like vertex (f) 
we find 

(f) = -x^ryu^i^c^s^ + ^+m.s^+^ci, 

+ m„S^+^h a C v m„S^+^)}P L u u , (2.20) 
while for the wavefunction renormalization graphs we obtain 

(h) = X w I 6 J Va D v (q)u ul a C v P Lmfl S,(Iit+^)P L u u 

- XM^Dviq^^CySMP^lS^ +i>i)P L u u , 
(1) = \ w hJ e Va D v {q)u v P R m,S,{k l + 1 t> 2 )P Rl a C» v u v 

- \ w hJ Va D v {q)u u P R mlS^ + i>2)P L SMl a C v v u u . (2.21) 

All remaining diagrams are inert as far as the PT rearrangement is concerned. Putting them 
all together one obtains the following gauge-independent combinations 

(fs) + (g)= (q)l ?w=1 , 
13 



(h 2 ) + (i) = (i)l^ =1 , 

W + H = HI 6M , (2-22) 

together with the cancellation 

(fi) + (hO + (b 3 ) = (f 2 ) + (li) + (b 7 ) = 0. (2.23) 

Therefore the gauge-dependent terms left-over after summing over all conventional vertex 
graphs [(b) through (m)] reads 

(b)io = J2 C v J v* {-V/iJf - \wh^ + X 2 w h(k - q) a J) . (2.24) 
v 

Note that this term is already of the contact type, i.e., the 1/q 2 or l/(q 2 — M§) tree-level 
propagator have been cancelled out, before carrying out the integration over the virtual 
momentum k. The crucial point, central in the PT philosophy, is that the same vertex-like 
contact term has already been identified being concealled inside the box, viz. Eq. fl2.14|) . and 
should therefore form part of the definition of the effective photon-neutrino vertex. Indeed, 
after employing the current relation 

Jw a = -Y. C v J k, (2-25) 

v 

it is clear that the aforementioned contribution couples electromagnetically to the target; 
thus the two gauge- dependent pieces should be naturally added, yielding 

(a) + (b)i = 0. (2.26) 

Of course, Eq. (|2.25j) is nothing but the current relation of Eq. ljl.lj) . modulo the following 
current redefinitions 

^"^W a = WwJq\ J A a = ~WwS w J-y a , c wJz a = WwJz a - (2.27) 

It is important to realize that, had we chosen the target electrons to be massless and 

fl 

right-handedly polarized (as originally done in [5[|), then (a) = right from the beginning 
(there are no WW boxes in such case), but the cancellation would proceed in the very same 
way, since the current relation above is modified to read 



5> V J£ = 0. (2.28) 



v 
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Thus, it becomes clear that the NCR defined through this procedure is identified with a 
quantity independent of the particle or source used to probe it. What depends on the details 
of the target is only the precise way that the various diagrammatic contributions conspire 
in order to always furnish the same unique and gauge-independent answer (for example the 
presence or absence of WW boxes). 

As expected, the simplifying hypothesis of neglecting the mass of the (propagating) elec- 
tron does not conflict with the PT algorithm. Evidently, the fate of the gauge-dependent 
terms proportional to (mf/M^) stemming from the conventionally defined A*vv vertex [see 
Eq. (j2.24j) ]. is exactly the same as that of their massless counter-parts: they completely can- 
cel against exactly analogous terms stemming from the box, before any integration over the 
virtual momentum is carried out. Therefore, any potentially pathological behavior of those 
terms for special values of £ is absolutely immaterial. In particular, the straightforward (but 
really unnecessary) integration of the terms given in Eq. (j2.24|) would yield a contribution 

i92%* 2 mI t 10 '' 1 _ ^) + ( 9 + fw) lo S&v] to the conventionally defined NCR, which di- 
verges as £ — > [9], or £ — ► oo. In conclusion, after the PT cancellation procedure has been 
completed, any gauge- dependence disappears, and all contributions proportional to mf/M^ 
are therefore genuinely suppressed (numerically), and cannot be made arbitrarily large. 

The last step in the the construction of the one-loop PT A*vv vertex is to carry out 
the characteristic PT decomposition of Eq. ([2.7)1 on the triple gauge boson vertex AWW 
(FigUJ), which contains the last remaining longitudinal momenta. All other diagrams will be 
inert as far as this final PT rearrangement is concerned, simply because they do not possess 
longitudinal pinching momenta any more. The longitudinal momenta contained in the T p 
term, will next trigger some suitable Slavnov- Taylor identities [15I 16 1. This triggering will 



produce additional vertex-like PT pieces, which, finally, combine with the inert diagrams, 
and conspire to rearrange the perturbative series in a very precise way: in our particular 
case, the aforementioned PT terms will contain a contribution that cancels exactly the 
one coming from the vertex AW<p [FigE^a) and (b)], and one that will modify the triple 
gauge-boson-scalar-scalar coupling [FigH^c)]. The final outcome of this procedure is the 
rearrangement of the perturbative series in such a way as to be dynamically projected to 
the Feynman gauge of the background field method; this latter fact is not limited to the 
present one-loop NCR, but it has been proved to be valid to all orders in the full SM |16]. 
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V 

■ Vn ^ 




(a) (b) (c) 

FIG. 4: Carrying out the PT procedure for constructing the neutrino charge radius. As a result of 
the Slavnov- Taylor identities triggered by the longitudinal pinching momenta contained in T p , one 
obtains the PT terms (a), (b) and (c) that, when added to the corresponding ones, will project 
the theory to the Feynman gauge of the background field method. The dots denote propagator 
like terms. 

III. NIELSEN IDENTITIES ANALYSIS 



Recently UU, it has been realized that the fundamental underlying symmetrvwhich is 
driving the PT cancellations is the Becchi-Rouet-Stora-Tyutin (BRST) symmetry [121] - This 
realization has been instrumental in generalizing the PT procedure to all orders, and has 
allowed for its connection to powerful BRST related formalisms. As a result, one can take 
full advantage of the BRST symmetry to deeper analyze the nature of the PT cancellations 
discussed in our one-loop example, in general, and the issue of neglecting terms proportional 
to the masses of the internal fermions, in particular. To this end, we will work within the 
framework of the Batalin-Vilkovisky and Nielsen formalisms, which will be briefly 
reviewed in what follows. 



A. General formalism 

As far as the Batalin-Vilkovisky formalism is concerned, one introduces for each SM field 
$, the corresponding anti-field $*, and couples them through the Lagrangian (for details 
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FIG. 5: The Feynman rules for the neutral gauge bosons (V£) and scalars (x*, H*) BRST sources 
coming from the Lagrangian £brst- 



see also |ia|2Cj) 

where s is the BRST operator. In particular, the coupling of the neutral gauge bosons and 
scalar BRST sources (denoted by V* and x*> H* respectively), read 

£brst D ig^C v V;{W + »c- - W~»c + ) + ^x*(0 + c~ + <frc + ) - ^X*Hc z 

+ ^H*(^c- - 0-c + ) + ^H*Xc z , (3.2) 

cr" and c v being the charged and neutral ghost fields, respectively. Then from £brst ; one 
finds the Feynman rules shown in FigEl 

The BRST invariance of the SM action, or, equivalently, the unitarity of the S'-matrix 
and the gauge independence of the physical observables, are then encoded into the master 
equation 

6(r) = 0, (3.3) 

where 

6(T)= />x V— — . (3.4) 

In Eq. (|3.4j) . the sum runs over all the SM fields, R and L denote the right and left differen- 
tiation, respectively, and V represents the effective action [which depends on the antifields 
through Eq. (|3.1|) ]. This equation can be used to derive the complete set of non-linear STIs 
to all orders in the perturbative theory, via the repeated application of functional differen- 
tiation. 
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FIG. 6: The Feynman rules for the r/j static sources coming from the Lagrangian £n- 

However the important point here is that by enlarging the BRST symmetry of the theory, 
one can construct a tool that allows to control the dependence of the Green's functions on 
the gauge parameter (with % = W, V) in a completely algebraic way. In fact, let us promote 
the parameters & to (static) fields, and introduce their corresponding BRST sources r)i, in 
such a way that 

s& = r)h srji = 0. (3.5) 

After doing this, the BRST invariance of the ghost (£fpg) and gauge fixing (Cqf) sectors 
of the SM Lagrangian is lost, and to restore it one has to add to the the sum C GF + £fpg 
the term 

£n = -T^TVw (c + ^ + + C-T-) - J2 T^TVv (c V F V ) , (3.6) 

where J? r=l= , T v represent the gauge fixing functions, i.e., 

T± = cW± T itwMw^, T v = d% - Cv\l v \. (3.7) 

within the class of gauges used in our analysis. The term £n will then control the 
couplings of the sources rji to the SM fields, giving rise to the Feynman rules shown in Fig|3 
For all practical calculations one can set rji = thus recovering both the unextended BRST 
transformations, as well as the master equation of Eq. ()3.3|) . However when rji ^ 0, the 
master equation reads 

6 w (r) = 0, (3.8) 
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FIG. 7: The decomposition of the truncated Green's function Z* r j ,, j, . Notice that the last 
diagram is not present when fd and f' u are not in the same doublet. 

where 

6 w (r) = 6(T)+^r. (3.9) 

Thus, after differentiating this new master equation with respect to and setting rji to 
zero, we obtain 

5 R T5 L T 



<5$ <5$* 



(3.10) 

Vi=0 



Establishing the above functional equation, allows, via the repeated application of functional 
differentiation, to derive a set of identities, known in the literature under the name of NIs [lOj , 
that control the gauge-parameter (s) dependence of the different Green's functions appearing 
in the theory. Therefore, NIs can be used to unveil in their full generality the patterns of 
gauge cancellations occurring inside gauge independent quantities such as S'-matrix elements. 
In fact, as has been demonstrated recently [la], these patterns are actually of the PT type. 
Notice, however, that, unlike the PT, NIs cannot be used to construct gauge invariant and 
gauge-fixing-parameter-independent Green's functions. 

Finally, a technical remark. The extension of the BRST symmetry through Eq. (|3.5|) is 
just a technical trick to gain control over the gauge-parameter dependence of the various 
Green's functions appearing in the theory; thus, unlike the STIs generated from Eq. (j3.4j) . 
Eq. (j3.10j) does not have to be preserved in the renormahzation procedure, which will in 



general deform it (see 2l| and references therein). The complications due to this fact may be 
circumvented by choosing to work within a renormahzation scheme that fixes the parameters 
of Cf M using physical observables (see again |2l|). Having said that, let Zj d j f, p be the 
truncated Green's function associated to our four fermion process, where fd (respectively 
/„) represents a down- (respectively, up-) type lepton. If we assume that f' u and fd are not 
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in the same doublet, the latter four-point function allows for the following decomposition 
(see FigEJ) 

= ' lT fdfdfUL~ T fdfd<f A ^' T <f'fU^ ( 3 - U ) 

where a sum over repeated fields (running over all the allowed SM combinations) is un- 
derstood, A$$/(g) indicates a (full) propagator between the SM fields $ and and we 
have omitted the momentum dependence of the Green's functions as well as Lorentz indices. 
Then, the gauge invariance of the S'-matrix implies 

d ^ Z 7dfdfLfL = td ^ T fdfdfLfL 

~ (% r /d/d'f) A< S' < f' r i"/4/i ~ r / d /^(% A **') r 4>'/i/4 ~ r /d/d<£ A< s>*'(% r *7^) 
= 0. (3.12) 

The NIs can be used to determine how the perturbative series rearranges itself in order to 
fulfill the above equality. Neglecting terms that either vanish due to the on-shell conditions 
of the external fermions or cancel when using the LSZ reduction formula, the NIs for the 
various terms that appear in Eq. (j3.12|) can be derived from the master equation ()3.10p . and 
read 

— = r?7i*'*//r*'* + Trj^fT^jf, 

-d^fdfdfUL = T fdfd^fUL + TfdJ^^fUd + F m **f d f d r*f>fL + T v^fdf^*fUd 

= V fdId^ V m^*fLfL +V m^'fdfd V ^f'jL- ( 3 - 13 ) 

Notice that despite their appearance, the four point functions ^ m ^*ff (respectively, the 
three point functions T Vi ^>*) are vertex-like (respectively propagator-like), due to the static 
nature of the 77, sources. 

As far as the cancellations of gauge- dependent pieces are concerned, we see that the gauge- 
fixing-parameter-dependence of the internal self-energies cancels according to the pattern 

■^/d/d'I > ( A,I> *"^%*"*'* + rr )l $*<i>"A$»$/)r $ /j/ i y/ i 

- (r^r^jAwrj,^ + r/j^Aw^rr^/J = o. (3.14) 
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Using finally, the relation A$$//T$»$/ = one can uncover the cancellation happening 

between the boxes and vertices, according to the rules 

~ lT 3>fdh T r,^*f u J u + r / d /d*A**' r *'*" r %*"*/;/> = 

From the above patterns one concludes that the gauge cancellations: (i) go through 
without the need of integration over the virtual momenta; (m) follow the s-t cancellations 
characteristic of the PT (which, in a sense, is to be expected since both the PT cancellations 
and the NIs are BRST-driven); (iii) proceed regardless of whether the fermions are massive 
or massless. 



B. The one-loop case re-examined 

In order to make the conclusions drawn at the end of the previous section more quanti- 
tative, we consider the one-loop case already addressed in the PT framework, and identify 
the pieces that cancel between box and vertex diagrams in the NIs. At one-loop level, the 
third equation in (j3.13|) . reads 



(i) 



,(o) r (i) 



fdSdSLf'u ~ 1 fdfd® m^fUL m^*fdfd L ®fLfL' 



(i) 



(3.16) 



We are interested in the case where £j = £ w (it is immediate to show from the above 
equation and the Feynman rules provided in FigJSJandlHl that boxes involving neutral gauge 
bosons form a gauge independent sub- set, at this order), so that one has 



_n r (l) r (0) r (l) , r (l) r (0) 

u Zw fdfdfUL fdfd® vw$*fLfL vw^fdfd 



r (0) r (i) , r (i) r (o) , r (0) r (i) 

fdhV^ VwVjfLK ^ r,wV*f d fd VK-fUL ^ fdfdS L r, w S*fUL' 



(3.17) 



Introducing the kernels K, according to FiglHl one has 



r (o) r (i) 



-g w C v T 



(0) 

y^fdid 



.(i) 



,(o) 



nwV*fdfd VN'JL 
r (o) r (i) 



-9v 
-9v 



r W,(l) W>,(1) 



c v r {0) 



K 



W,(l) 



m f d 



Pi 



w 



(3.18) 
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hJ'u fu 

FIG. 8: The (one particle irreducible) diagrams contributing to the NI of the one loop box diagrams 
of the fdf' u fdf'u process. Notice that since the sources r\i are static, these diagrams are vertex- 
like. The associated kernels K, is also shown, and is obtained by simply factoring out from the 
corresponding diagram the vertex involving the antifield. 

Now, consider first of all the case in which the down-type target fermion fd is massless 
and right-handedly polarized (i.e., a pure positive helicity state), as was done in 0. Then 
we know that the contribution from the box diagram with two Ws is zero (there is no 
r[?? fR fR vertex in this case); thus, the left-hand side of Eq. (l3.17l ) vanishes identically. As 
far as the right-hand side is concerned, the third term vanishes because rrif d = 0, the second 
term because the corresponding kernels in Eq. (|3.18|) are zero, while the first one due to the 
relation (making explicit the sum over the neutral gauge bosons) 

Vcvr (0 > =0, (3.19) 

v 

which is precisely the current relation employed by the PT Of course, due to Eq. (J3.15|) 
this will be the cancellation pattern followed by the vertex-like gauge- dependent part of the 
r^., & and r' 1 ',,-, vertices. 

Next, one can consider the case in which the target fermions fd are massless, but un- 
polarized. Then, while the third term of Eq. (j3.18|) continue to be zero, the second one is 
not, and it is needed to cancel the vertex-like gauge dependence of the vertex T^t . f which 
is now present. The first term, which cancels the vertex-like gauge- dependent part of the 
rv „, ?l and ri \, ¥l vertices, is now proportional to 

-E C <f,v,--'Y^. (3-20) 



V 
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which is precisely the current relation (with the spinors suppressed) of Eq. (j2.25|) . Notice 
that the NIs show immediately that the above PT gauge cancellation pattern is the same 

n 

regardless of whether the iso-doublet partner of the f' u fermions are massless (as in |5[) or 
massive (as in Section Hi C|h 

Finally, we see that relaxing the hypothesis of massless down-type target fermions does 
not distort the cancellations described in the previous case: the only difference is that the 
third term is no longer zero, since it is needed to cancel the gauge dependent part coming 
from the Y^l, ¥/ which is now present. 

Thus we see that considering the down-type fermion to be massless or massive, has no 
bearing whatsoever on one's ability to implement the gauge cancellations following the PT 
algorithm. 



C. All-order considerations 



We next show that the pattern of gauge-cancellations which has been unravelled at one- 
loop level persists to all orders in perturbation theory. In particular, we will show that 
at higher orders the gauge- dependent terms stemming from the conventional vertex (which 
would naively form part of the NCR definition) cancel against similar vertex-like terms 
coming from box diagrams, folowing a pattern identical to that operating at one-loop. Thus, 
these gauge-dependent terms drop out from the NCR definition in a natural way, at any 
order in the perturbative expansion, 

The term we need to study is the vertex-like contribution coming from the 
Y f d j dV ^/S.v^{.d^ w Y^j^j^) piece of Eq. (j3.12J) . After employing the second of Eqs. (j3.13J) . we 
get (discarding the propagator-like part) 

~ V fdhv^Av^i.d^ w Y^ fL p u ) = Y j-j^Ay^Y^Y^,,^ 

= ^fafdV^vwV^fUL- ( 3 - 21 ) 

Now, from the Feynman rules of Fig0 one has that the vertex involving the neutral 
gauge bosons anti-field A* is connected to the one involving the Z* anti-field through the 
relation 

°^A*w^cf = z^w^c^- (3.22) 
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On the other hand, since the r\ w source couples to charged fields only (see FigEJ), the three- 
point functions ^ Vw v*ff appearing in the NIs will be such that 

^vwA^ff = ~ s ^vwz;ff- (3-23) 

Therefore, introducing the kernels /C* as the dressed version of the ones employed in the 
one-loop analysis of the previous section (see also FigHJ), this last equation shows that the 
NCR gauge-dependent terms of Eq. (j3.21j) are of the form (making explicitly the sum over 
the neutral gauge bosons) 

*E^r /d/d wXj, (3.24) 
v 

which is nothing but a direct higher order version of the identity of Eq. (J3.2(J|) . encountered 
in the one-loop analysis. This term will be precisely cancelled by the box contribution 
fdfdV^ \ w v»* f f' appearing in the first formula of Eq. (j3.15l) . 



IV. CONCLUSIONS 



In this article we have addressed theoretical issues related to the proper definition of the 
gauge-independent SM vertex describing the effective interaction between a neutrino and an 
off-shell photon, together with the electromagnetic form factor and the corresponding NCR 
obtained by it. This effective vertex has been constructed at one-loop in in the framework 
of the PT, under the operational assumption that the mass of the iso-doublet partner of the 
neutrino under consideration was vanishing (except in infra-red divergent expressions). In 
the first part of the present article we have demonstrated through an explicit calculation 
that any additional gauge- dependent contributions proportional to the fermion masses cancel 
partially against similar contributions stemming from graphs containing would-be Goldstone 
bosons, and partially against vertex-like contributions concealed inside box-graphs. This 
cancellation proceeds precisely as the well-defined PT methodology dictates, without any 
additional assumptions This completes the proof that the properties of the effective NCR 
listed in the Introduction maintain their validity in the presence of massive fermions. In the 
second part of the paper we have employed the powerful formalism of the Nielsen identities, 
and furnished an all-order demonstration of the relevant gauge-cancellations, a fact which 
finally allows for the all-order definition of the effective NCR. 
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